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REPRESENTATION OF THE SOLUTIONS OF THE NAVIER-STOKES SYSTEM NEAR
THE CONTACT CHARACTERISTIC™

S.P. BAUTIN

It is shown, for the system of Navier-Stokes eguations describing the
flows of a viscous, heat conducting compressible fluid, that the contact
surface is a characteristic of unit multiplicity. The conditions are
obtained, which must be specified, for the unique solvability of the
corresponding Cauchy problem. It is shown that if the initial data of
the problem are analytic, then so is its solutions, and an algorithm is
given for constructing it. A transport equation is written out for a
weak shock at the contact surface. A solution of the transport equation
is given for one~dimensional, plane-symmetric flows, and the form of the
first coefficilents of the series describing the flow. The time exponent
is revealed, which determines the process of smoothing the small pertur-
bations near the corresponding contact surfaces. Solutions decaying with
time are constructed in the form of series in powers of this exponent.
The first terms of the series are periodic functions of the spatial
variable. Two fundamental frequencies can be singled out in the periodic
terms, and the frequencies are inversely proportional to the viscosity.
The possibility of corresponding oscillations appearing in a flow of
viscous gas is discussed.

1. we consider the system of Navier-Stokes equations
2 4 V.Vptpdivy=0 (1.1
a
e
(div V) (v — Zvp) + Vp ( ) +
(W + 5 )V (div V) + pAv

v, T* vy
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for the flows of a viscous, heat conducting compressible fluid /1, 2/. Here t is the time,
3, Xy, £3 are the spatial cooxdinates, p is the density, v, vy, vy are the Cartesian projec-—
tions of the vector V of velocity of the medium, T is temperature, g is the external mass
forces vector, p,p’ are the dynamic and volume coefficients of viscosity, »x is the thermal
donductivity, © is the intensity of heat sources or sinks, @ is the dissipation function,
| vafBzsl] is a Jacobi matrix, ||dve/dzpl* is its transpose, A, div,V are the Laplace, diver-
gence and gradient operators, a dot denotes a scalar product, the vectors are regarded as line
vectors, and the product of a vector and a matrix is obtained according to the rules of matrix
multiplication. When deriving system (1.1), we assumed that p, I were chosen as the indepen~
dent thermodynamic parameters and the equations of state satisfied the fundamental thermo-
dynamic identity. For this reason we assume that
# By % Py @ (1.2)

are given as functions of p, T /2/ {p is the pressure and e denctes the internal energy).
Then we have

ap

€y == dp !

8, de de
bx“—"‘gg‘ Cy= ’ 31=P—P’—65'==Tb1

when p' == 0; p, x = const >> 0 we have for system (l.1), in the case of an ideal (real)} pelytropic
gas with the equations of state

p = RpT, e =¢,T; Ry, = const >0 {1.3)
*Prikl.Matem.Mekhan. ,51,4,574-584,1987

448



449

the theorems of existence of solutions of the Cauchy and the boundary value problems, local
in the multidimensional case, and global in the one-dimensional plane-symmetric case. Exact
formulations and detalled references are given in /3/.

In the general case, when the parameters (1.2) depend on p,7T, it was shown in /4/ that
for small t a solution of the multidimensional Cauchy problem exists if the initial distribution
of temperature and the values of u,» are strictly separated from zero. 1In the case when
pe=p=1x:=0, system (l.1) has five characteristics: two sonic characteristics and a contact
characteristic of multiplicity three /5/. When p=+0,%=<0(1.1) is of mixed type and, as is shown
below, when p>0,p' 230, x>0, the contact surface in compressible flows is a characteristic
of multiplicity one.

The presence of a characteristic makes it possible to join different solutions across a
weak discontinuity and employ to this end, when the initial data of the problem are analytic,
the method of characteristic series /6, 7/. The problem of why system (1.1) has a character-—
istic and the possibility of constructing a local analytic solution in its neighbourhood, is
dealt with as in /8/.

Let a surface in (¢, x} space be defined by the equation

¥ =a {t’ Ly 23) {1.4)

where the function a is assumed to be analytic in some neighbourhood of the point {f =1, % =
Togy X3 == Tyo) and a (Lo, Togr Tap) = &3 On making the change of variables

2=2) —at, &y Z)y E =25 L=a4 ¢ =1 (1.5)
the surface (l.4) becomes the coordinate plane z = 0. The derivatives in ¢, & § (a prime
accompanying t is omitted) will be internal for this plane, and those in z will be outward,
and 8/0z = 8/8z,. The form which system (1.l) takes after the change of variables (1.5) is
cumbersome, and will therefore be omitted. Henceforth, we shall also call this system, for
brevity, system {1.1). Since the leading outward derivatives of the unknown functions U =
{p.V, T} will, in this system, be p,,V,,, T.. respectively, it follows that the initial con=-
ditions in the formulation of the Cauchy problem on the surface (1.4) must be

2=0,p=0a6 V=V, V, =V, T =7, 7, =1, {1.6)

(the right-hand sides of Eqs.(l.6) are given functions of & &, {)

The only leading outward derivative appearing in the equation of continuity is p,, which
is linear and has the coefficient b == vy, — arvy — arvy — a;. When a, V, are given, the
condition b =0, i.e.

Uyp = Gglyy — Ggugy — 4 =0 (1.7

is equivalent to the statement that (1.4) is a contact surface consisting of the trajectories
of the particles of the medium which form, at the instant ¢ =1%,, the surface z; = a (£, 23, T3).

If b= and the functions (1.4) and (1.6) are given, then the equation of continuity
at z==0 will take the form

Por + VzoPoy + VgoPop + Po (V11 — ln — Vst + Vaer + Vser) = 0 (1.8)

8ince (1.8) does not contain any leading outward derivatives, it follows that it represents
an additional relation which is imposed on the initial conditions (1.6). Therefore the Cauchy
problem (1.1), {1.6) with condition (1.7) will represent the characteristic Cauchy problem
and relation (1.8) will be a necessary condition for its solvability /8/. In what follows,
we shall assume that when the functions (1.4), (1.6) are given, conditions (1.7), (1.8) hold.
In particular, this will be the case if (1.4), (1.6) have been obtained in the corresponding
manner from any solution of system (1.1).

The leading outward derivative of I - T,, appears only in the energy equation, and the
coefficient preceding it is equal to x4, 4 =1 4 a:? + 2.  Therefore when

% (pos To) >0 (1.9)

the energy equation can be solved for T=. V., will not appear on the right-hand side of the
equation obtained, and p; will be there only if x depends on p. The physical meaning of the
function % is taken into account in condition (1.9), although formally it would be sufficient
to insert the inegquality sign, there Vs (@ = 1,2,3) are described by a system of linear
algebraic equations with the determinant d = (u' + 4p/3) p®4%, p. appears only in the free terms
of this system and is also linear. Therefore, when the following conditions hold (the physical
meaning of the functions u, p' is taken into account):

B (Por To) > 0, 1’ (po, Tp) = 0 (1.10)

Va;z can be expressed in terms of U, p,, V,, I, and their inner derivatives. The resulting
expressions for UVa:: are then substituted into the equation of continuity differentiated
once with respect to z. the expression obtained in this manner contains all second-order
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derivatives in linear form, the only leading outward derivative present is p,, with coef-
ficient b, and the coefficient in front of p,; 1is equal to unity.

This reduces the characteristic Cauchy problem formulated above, to its standard form /8/:
1) in order to obtain a unique solution of problem {(1.1), (1.6) where the relations (1.7)-
{1.10) hold, it is sufficient to specify another additional condition

P (zv tov §7 g) = Poy (z1 gv C)v Po1 (Ov gv C,) =P (tm g! C) (1.11)

with an arbitrary function pg correlated with @} 2) when the functions g, Q@ (1L.2), (1.6},
{1.11) are analytic in the neighbourhood of the point (4%, X, Ug), the solution of problem
{(1.1), (L.6), {1.11) will be analytic functions.

The solution can be written in the form of locally convergent series in powers of z.
The coefficients of the series depend on %, § L and can be found with the help of recurrence
methods as follows. The equation of continuity is differentiated k -+ 1 times (k> () with
respect to z, the equations of motion and energy k times, z is equated to zero, and the
initial conditions and the coefficients already obtained are substituted into the equations.
The differentiated equations of motion, regarded as an algebraic system with non-zerxc coef-
ficients, yield the components of the vector Vi, = 3"V (0, ¢, &, [)/0z"*2, which depend only on

Opap = 071 (0, £, &, {)/05"1  and the preceding coefficients of the series. The expressions
obtained are substituted into the differentiated eguation of continuity, which thereby becomes
a first-order partial differential equation for gx+1 whose coefficients and right-hand side
depend only on the preceding coefficients of the series; the coefficient in front of Opy+, /0t
is equal to unity; when t == t;, the initial condition for pk+; is found fromrelation (1.11)
differentiated with respect to z k -+ 4 times. Thus we have obtained py, as a solution of
the corresponding Cauchy problem for the first-order partial differential equations. We then
find Vi, from the differentiated equations of motion. Finally, the differentiated energy
eqguation regarded as a linear algebraic equation with a non-zerc coefficient preceding the
unknown, yields Ty = 827 (0, 2, &, [}/9z"2

All differential equations for pri (62> 0) are, by virtue of the characteristic features
of (1.1), linear. The first equation is a so-called transport equation, since it describes
the behaviour of ¢

P1t + VgoPrt + VaoPup + [2 (0 — Gevey — V) + Yooz + Vaozl 0y + (1.12)
Po (Vyp — 8t¥gy — GtVss + Vot + Vae) + VauPog + VarPor =0

The quantities Uy == UVus; (0,4, & §) in the above equation are replaced by the corresponding
expressions obtained from the equations of motion when z= 0. We note that the coefficients
of Eq.(1.12) depend on u, @ and are independent of x. For certain relations between the
functions (1.6) {(these relations, as well as those for Us;, are cumbersome and are therefore
omitted) the equation for p; becomes homogeneous and the guantity p1 in this case is either
always equal to, or always different from zero.

The equations of motion yield a linear relation between v;;; and p,, with coefficients
different from zero in the case when conditions (1.10) and ¢ (pg, Tp) > 0 all hold. Therefore
we can specify, in place of (1.1ll), as the additional condition ensuring the uniqueness of the
solution, v, (z, te:r & &) =g (3, &, §) with an arbitrary function u,, but satisfying the
conditions of matching with the initial data (1.6): wg (0, &, §) == vy (2o, &) &)s vope (0, E, §) = vy (tos
& 0. when different solutions are "joined"' together at the contact surface, weak dis-
continuities are, in general, present, beginning with the derivatives p,, V,,, 7,,. Therefore
the mass, momentum and enexrgy fluxes in the "joined" solution depending on U, V, T, will be
continuous at the contact surface. All these arguments imply that when conditions {1.9),
(1.10) hold, system (l.l) has, apart from the contact characteristic, no other characteristics
of the form (1.4).

Usihg the methods of /9, 10/ we can show that the end points tye <<t <<t of the domain-
of convergence of the series from the analytic function U of the variable t (wheni- fi and
E, L is fixed, the radius of convergence of the series tends to zero as some positive powder
of |t — #s |} are the points nearest to ¢=10 at which the function (1.6) ceases to be
analytic p,, 1/(xd), 1/d. In particular, if the functions listed above are analytic for all ¢,
then the domain of convergence of the series for U will be unbounded in t and the radius of
convergence will tend to zero as | ¢| increases.

2. We will discuss certain properties of the solutions of the characteristic Cauchy
problem with the data specified at the contact surface, and the possibility of using these
solutions in specific problems. We shall deal with the case of one-dimensional plane symmetric
gas flows with equations of state (1.3) and the coefficient of viscosity and thermal conduc—
tivity po= 7%, u =0, x = %oT™; Moy %y == const > 0, o, A == const >> 0, without external forces
and heat sources.

Using certain positive constants L, py, Uy, Ty, specified by the formulation of the specific
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problem, we can write system (1.l), using standard methods, in terms of dimensionless vari-
ables, thus
Pt T upe + plx =0 2.1)

4
P + utt)+ - (70 + PT) = g 147 T st + Ttz

Pl +uly) + (v — 1) pTu, =
3.
(v 1) Ry T + prigg T+ 7+ IT)

1 3
u, u,

G —DTey

— — p — *
x—-xv =10, M= '—C;T,

Re= s pp Sole
Be 7 e,
Y=1+ Rlcyy Pa==meT,0 %y=%T >

Let the contact surface, which can be regarded as a trajectory of motion of an impermeable
piston, be described by the equation
r=af() (2.2)
We introduce, in agreement with the results obtained above, the independent variable
z=ux-—a(f) and specify for z=0, i.e. on the contact surface, the values of the gas—dynamic
parameters and the first outward derivatives (9/9z = 9/9z) for the velocity and temperature

Z:":-O, p =Po (t)w U= Uy (t)» U, == ul (t)v T= To (t): (23)
T, = Tl(t)

The condition that (2.2) is a contact surface (relation (1.7)) takes the form u,(t) =
a’ {t). The necessary condition for problem (2.1), (2.3) to have a solution (relation (1.8))
becomes #; (£} = —po (£)/p, (). Hexre and henceforth we assume that p (2, ¢)>0. The unique solution
of problem (2.1), (2.3) is found using the additionally specified distribution of the density
at the initial instant near the point = =z, = 2 {0)

o (z, 1) li=t, = Po1 (2)y Por (%) = p, (0) {2.4)

The solution of problem (2.1), (2.3), (2.4) is written in the form of a locally converg-
ing series

x

> k
U(z,t)-_-:ZU,, O == Up() =23 (2.5)

7% o=
o 2 ==

The following expressions give the solution of the transport equation and the values of
the first unknown coefficients of seris (2.5)

t
1 Y F,
P (=7 (pw + { Fadt), uy()=F-— 2= 26)
o
_ AMnTpt ‘ Po 200’
Fo=—gre— Fi=em[§(F — )]
o
_ opeTyuy 3 Re pg? B T _ dp(m)
P 2 4 ) o= B
PrR P AT,?
Tal) =25 0T’ + (v — D)ooty — (3 — ) FoTute¥) — g~

The following coefficients of series (2.5) can be written in terms of the preceding
coefficients using the procedure described above, with help of quadratures and recurrence
formulas., Since x is independent of p, it follows that T, is independent of p,. Therefore
a weak discontinuity at the contact surface will appear in the "joined" solution in 7 not
earlier than in the third derivative.

If in any problem the conditions are stationary or tend, as ¢-+ o0, to some limit values,
then the behaviour of the solution will, in this case, be described as "stationarization"

/2/ or "stabilization" /11/.

Let the contact surface be a heat~insulated impermeable piston at rest: Ty=u,=0.
Then Fy{t) =0 and the behaviour of p;{f) and u;(f) will be described by the function F, ().
If pp(f)y T, () tend with time to some constant values pPgg 1ge» then the solution (2.5) will
describe the process of stabilization (stationarization) of the flow beside the heat-insulated
impermeable wall, When the corresponding functions are analytic (see Sect.l) for all t, then
series (2.5) will converge in some neighbourhood of the surface (2.2) for all t.

In order to analyse the behaviour of py, Ug, T3 as ¢— + oo, we can use the following
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approximate estimates. Let us assume that for large t we can represent the functions g, and
T, in the form of series in inverse powers of (f 4 &)

Pe (1) = Poo T P/t -+ £} + ooy To () = Top + Too/{t + 1) 4. .. (2.7

Then F; can also be represented in the form of a series in inverse powers of (I + &)
If we retain the first two terms in this expansion, we obtain the law describing how py (2)
tends to zerxo as t increases

P1 () = pro exp (—Bu)(t + )5 (2.8)
B = pgo/Fo 2> 0, C = poylpog + {1 — 0) ToofTyy

If we assume that the quantities pg/pes and Typ/Ty; are of the same order, then we can
find that for some relations governing 8ignpys, sign T2 and o the quantity C will be positive,
and for some other relations it will be negative. In particular, if the function Po (2)
decreases (increases) as [ o0 to py and 7T, (I} increases (decreases) to T4y then,
when © >0, then C >0 (€ <0) always.

At present we know of very few /1, 3/ exact and approximate analytic solutions of (1.1).
If in the course of constructing the series (2.5) we take, as p,, Iy, functions simpler than
{2.7), it will be possible to analyse the structure of the ccoefficients of series (2.5) and
write out the required number of first terms of the series in explicit form.

Assertion 1. If p, (1), up (t), Ty (2), Ty (¢) = const, T, =uy = 0, then

£1 = Profh P2 = Pao -+ 3p10°0e0 MY Py = Pagh + Pyt + (2.9)
052’ + Pasttly Wy = 0, Uy = Bpi/Poos Us = Bpg/pgg

Ty =0,Ty3={y—1)y*PrRe Y%EABP1OW
fr = 0P (8, M), k 2> 4 n = exp (—B1)

i.e. fx(!) have a multiplier m and are polynomials in #, with constant coefficients. Here
pai (1< i< 3) are uniquely defined constants, fr () are components of the vector Uy, the
power of the polynomials Py depends linearly on k, the coefficients of the polynomials (except
Pro} are uniquely defined from the recurrence formulas, different for the different components
of the vector U;, and the constants pie are found using relation (2.4).

The assertion is proved by induction over %k, using the eguation for f; in explicit form,
and the proof is omitted because of its length. As in /9/, we can show that in this case the
domain of convergence of the series (2.5) is given by the relation

g lz | << M, & ==max {I,n, |t |}, M, =const >0 (2.10)

The presence in f; of the factor 7 improves, when ¢ >0, the practical convergence of
the series.

Relations {2.8) and (2.9) can be used for an approximate description of the process of
smoothing a small perturbation near the corresponding contact surface: since p;(f) represents
the value of dp/dz at the contact surface, therefore the increment in density Ap = p (r, ) —
p(0,7) at a distance r from the contact surface.can be approximately given by Ap =p, (t) r.
If in the course of introducing the dimensionless variables p,,u,, 7, are represented by
Poos 16y (¥ — 1) Togvl”s, Toe» respectively, then M = 1 B = 3 Re/(4y), i.e. the exponent B is inversely
proportional to the viscosity. Therefore, the lower the viscosity (strictly positive), the
faster is the process of smoothing out the small perturbations near the corresponding contact
surface. We note that the above argument is based on an analysis not of all the coefficients
of the series, but only of the first ones. Therefore, the argument is valid only as long as
the perturbation in question lies in the part of the domain of convergence of the series, in
which the first terms are dominant. From (2.9) it follows that this part of the domain of
convergence is also given by relation (2.10), but at a different (smaller) value of the
constant M,.

wWhen we use the representation (2.5) to solve a specific problems, we must remember that
there is an arbitrariness in the functions a4, p,, Ty, T,. Using these functions we obtain, from
the condition for the velocity at the contact surface and from the necessary condition of
solvability of the characteristic problem, unique expressions for u,, u,. Moreover, when
t =0, the distribution of the density or velocity can be used as the arbitrary function.
After this, the distributions of the other two gas-dynamic parameters when f =0 and also
of U when >0, are restored uniquely. When describing the flow in an approximate manner,
we can use finite segments of the series, and utilize several expansions in the neighbourhoods
of the different contact characteristics. The properties of series (2.5) and the form of their
actual coefficients can also be used when constructing difference schemes near a contact
surface specified a priori, as well as one found in the course of constructing the solution.

3. Let us give the solutions of system (2.1) in another form, based on the functions
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1 given above, and discuss its role in the process of stationarization.
We make the following change of variables in system (2.1):

n=exp(—Bt), 2 =z 3.h

Here 8/0t = —Bnd/8n, and the rest of system {(2.l1) remains unchanged (the prime on z is
omitted). We shall call the resulting system system (2.1) in the vardables 4, z. The Jacobian
of the transformation (3.1} is equal to —Bn, i.e. for ¢, <({< 4o the change of variables
is in 1:1 correspondence. When 7 =10, the transformation becomes degenerate because the
infinite semi—jaxis is transformed into a segment of finite length.

We can write the solution of system {2.1) in wvariables 1, r in the form
U, z)= E Ui (x) 5 (3.2)
k=0

To find the coefficients Uy (z) (k> 0) we differentiate the system k times in 7, and put
n=0. Here we find that U, is a solution of the stationary Navier-Stokes system and cor=-
responds to a limit flow to which the solution will tend as t increases.

wWhen 4/8t =0, system (2.1) admits of three first integrals and is reduced to two first-
order orxrdinary differential equations /1/. In particular, when u; =0, we have either
Po () == Popr To {8} = Thn, or py (2) = C/ Ty (@), Ty (2} = (Cox + CHO (pyy, Tog, Cyy Can Cy = const) When
uy 70, we can take as U, e.g. the Bekker solution describing the passage through a shock
/i/.

We obtain the following linear system of ordinary differential equations for U, (k > 1):

'T;:;— {uoor) — kBoy + ’[%“(Pouk) =Fx (3.3)

! [ ¥ 1
po (1" — EB) ux + potegtx” + Uglty'0x + Wy ,%‘ (PoTx + Tope) =
_3%? ";;‘ (T3 "ug' Ty + To®ur') + Fax
0o [(v — Duy — kB Ty + pguy T’ + poTo i + (v — 1) ppTotex” +
[ To' + (v — 1) Tyl pe =

4M2 e # o, F =3 t #
(0 — 1) R OT 4 T + 276%u'wi) + gl —oe (AT T T + ToMTx) + Fox

Here Fgx (@ = 1,2,3) depends in a known manner on U, (0 Ik — 1) and on its derivatives.
System (3.3) contains second-order derivatives of uy, Iy as the leading derivatives. There-
fore, in order to cbtain unigue values, we must specify two conditions for every ux, Tk,
which can be either the initial condition =z =0, or the boundary conditions for =0, z=
L. Thus the representation (3.2) has two arbitrary functions of t, for u and for 7. The
arbitrary functions can be specified, either all of them for z =10, or some for + =0 and
some for z = L. The first equation of system (3.3) has an arbitrariness, when u,% 0, in
the choice of the constant specifying the value of py, e.g. when z = 0. If on the other hand
ug == 0, the first equation of the system uniquely defines

or (@)= [ = (o) — Fie | (kY™

In this case series (3.2) will show no arbitrariness in the choice of the function p.

Assertion 2. Let the solution U, (z) of the stationary Navier-Stokes system be an
analytic function in some neighbourhood of the point % = 0; the functions

z=0,p =04 (M), u=1tg (W), s = Uy (M) 3.4
T = To(m), To = Ty (n)

analytic in some neighbourhood of the point 7 =0, match at n =0 the values of U, (0), U, (0);
Ug {z) are found from systems (3.3), and the corresponding initial conditions are found from
the functions (3.4). Then series (3.2) will converge in some neighbourhood of the point
(z=0,m=0), i.e. when |z |<2° "<t << Foo.

A proof is not given here since the assertion represents a special case of a theorem
proved in /8/. When 1u,% 0, all the functions (3.4) are used, while when u, =0, the
function p, 1is not needed. We further write © = A and use, as the components of U,,

Po {2) = Pag, U (2) = 0, Ty (z) = Ty (3.5)
wWhen k =1, we have u; = T, (2}/(M*»B) and system (3.3) reduces to a single homogeneous
second-order equation for 7T;. The roots of the characteristic equation for this differential

equation are purely imaginary, therefore 7y is a linear combination of the harmonics in 2
of frequency
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vy = BMA, (3/Th) Ay =11 4+ v ¢ Prt — D% (3.6

Thu usual values for air are vy=1.4,Pr=0,72/1, 2/, and in this case 4, = 0.972. 7The
value Pr =73, wused in /1/ is taken sufficiently often in order to simplify the calculations,
and in this case 4; = 1.

When £k > 2, the roots of the corresponding characteristic equation for system (3.3) are
represented by four, purely imaginary, palrwise conjugate numbers. Therefore, the general
solutions of the homogeneous systems for U, are the corresponding linear combinations of the
harmonics with fregquencies

Viy = Ky, v = kv [k — 1) 917, k> 2 8.7

and both unknown functions contain harmonics of frequency Vii» as well as wvy,- From (3.6) and
(3.7) it follows that vx; and Wy, increase monotonically as k; v; < vyy; vy < Vg increases
when y < ve = k¥/(k — 1); the minimum value is Y, = 4 and YV, increases as k increases; when
vy>1-+1/(k —1), we have wy, < vy and, in particular, v, < vy when Y>> 2. Thus when
v < 4, the minimum value of the frequency is v, and

vy = 2vyy A (3.8
when ¥ > 4. The harmonics of frequency v; have a factor 7 the harmonics of frequency v,
a factor m*, i.e. apart from the dependence on ¥ the latter decays more rapidly. When k
and n are arbitrary, the frequencies Vi, Vi1, Ve Vez» Vaz Will be pairwise incommensurable and
the representation (3.2) will not, in general, be a periodic function.

We can, however, construct the following two classes of particular sclutions. The first
class is constructed as follows. If we take, as the components of the vector U, the
corresponding harmonics of frequency vy and use, as the solutions of the inhomogeneous systems
(3.3) with k> 2 only the particular solutions corresponding to the form of the right-~hand
sides, then U, will be polynomials in &, zh. Here h is cosv,r, sin v;T and the degree of
these polynomials is not higher than k. Here & will appear for the first time (in the first
power) in U, when y = 4.5, and in U; when y = 4.5, The second class of particular solutions
is the following. If we take U, == 0, then system (3.3) will be homogeneous when k =2 and
we can take the harmonics of frequency v, as its solution. Then, if we take as Ug (k¢ > 3) the
particular solutions of the inhomogeneous systems (3.3), then Uy will be polynomials of the
same expressions as in the first case, where +v; should be replaced by v, When y, is not
2; 3,6; 4; 8; 10, then =z will not appear in any power inU, whenk <{ 10. The domain of convergence
of these particular solutions is given by the relation

nlzP<Mg D, My = const >0 (3.9)

The classes of particular solutions constructed above are only slightly arbitrary - just
the two constants in 7; or in U,. The first of these classes can be extended, from the
point of view of the arbitrariness within the solution, while retaining the structure of U;.
To do this, we must take as Uy, when k = n®, not only the particular solutions of the
inhomogeneous systems, but we must also add the general solutions of the inhomogeneous systems
corresponding to the values v,. The U, constructed in this manner will be polynomials in

W™ where I>0,m >0, and U will contain a ‘denumerable number of arbitrary constants.
Without going into details of the proof, we note that if the moduli of these arbitrary
constants increase not faster than the degree of some positive number, then the domain of
convergence of the solutions belonging to such a class of particular solutions will also be
given by relation (3.9) with its values of the constants D, M,

Thus we find, that for all three classes of particular solutions constructed the first
terms of series (3.2) will be periodic functions of z of frequency +:{(i =1 for the first
and third class, and { =2 for the second class), and the subsequent terms will be functions
oscillating with the same frequency. The oscillation amplitudes for the frequencies v; will
decay as 1, the values of v; will depend only on the parameters of the homogeneocus limit
flow Uy, and the first terms of the series will be dominant in the corresponding parts of
the domain of convergence. If, when introducing the dimensionless coordinates, we take as
Pur Ugs To (as was done above) the corresponding parameters of the limit flow (3.5), we will
obtain the following proporticnality relations for the index B, for the selected frequencies
and for L = 2n/v:

B ~ 'l/p., vp ~ 1/]),, Lg ~ B (3.10)

We can expect that the classes of particular solutions of system (l.1l) constructed here
describe the viscous gas flows generated in homogeneous streams by the perturbations in which
the main variation of the parameters takes place at distances commensurable with Lg.

As example of such a perturbation is a shock wave {(SW) propagating through a homogeneous
medium and leaving behind it a homogeneous flow. The width of such a SW is proportional to
the coefficient of viscosity /1/. 1In a coordinate system moving together with SW, the latter
appears as a constantly present external perturbation, and within its zone similar oscillations
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must appear all the time. Outside the SW zone, where there are no corresponding external
perturbations, the amplitude of these oscillations should decay as exp (—Bi#). It would appear
that the small, rapid oscillatory displacements of the SW zone observed during experiments,
and the oscillations appearing near the shock transitions (entropic trace) in the course of
numerical solution of the flows, are caused precisely by the SW exciting similar oscillations
within the flow.

For the fluid with p = u,7°, the rise in temperature cuased by the passage of the gas
across the SW, leads to an increase in viscosity, and hence reduces the rate of decay of the
oscillations. Therefore the influence of the oscillations can manifest itself at small
distances in front of the SW, and at relatively large distances behind it. For example, in
the case of supersonic flows of a viscous gas past bodies, such oscillations excited by the
bow SWmay penetrate downstream in fairly large distances. They will therefore interact with
various regions of the flow, namely with the boundary layer, the zones where the flow turns,
etc. Such an interaction may, in its turn, cause the appearance of various instabilities.

The discussion following formulas (3.10) is obviously not rigorous, but more hypothetical
in character, and the hypotheses need further checking both theoretically as well as ex-
perimentally.
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